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In this paper we show the mathematical equivalence between two well-known facts: the existence
of an upper bound for the area in Lobachevskian geometry and the existence of a limit for
relativistic velocities. The key point is that the space of relativistic velocities can be interpreted as
a Lobachevskian space. © 2001 American Association of Physics Teachers.
关DOI: 10.1119/1.1323963兴
I. INTRODUCTION
The origin of this paper was a talk between the authors
during a break between classes. One of the authors 共N.A.兲
had just been teaching the students in her geometry course
the remarkable fact that in Lobachevskian geometry the area
of a triangle cannot be as large as one could wish, but is
bounded by ⫺  /K, where K is the negative constant curvature of the considered Lobachevskian space. The other author 共C.C.兲 had been showing the students in his physics
course the no less important fact that the relativistic velocity
between two inertial observers cannot be indefinitely large,
but is limited by c, the velocity of light in vacuum. We asked
ourselves if there was any relation between these two facts.
The surprising answer we have found is that they are equivalent for a suitable interpretation of the Lobachevskian space
as the space of the relativistic velocities. Once again, the
‘‘unreasonable effectiveness’’ of mathematics appears that
so impressed Eugene Wigner.1
II. POINCARÉ DISK AND RELATIVISTIC
VELOCITIES
Let us consider three rocketships R1 , R2 , and R3 that
start moving away from a rocketship base B. These rocketships are assumed to move radially in a plane, henceforth
OXY, with uniform velocities v 1 , v 2 , and v 3 , respectively,
and forming arbitrary angles between them. Their world
lines are semirays O P 1 , O P 2 , and O P 3 with slopes 1/v 1 ,
1/v 2 , and 1/v 3 , respectively, with respect to the plane OXY
in the Minkowski diagram of the inertial frame K B associated with B 共Fig. 1兲.
The position of these rocketships with respect to K B ,
when each one of them has spent a proper time of  ⫽1 s,
corresponds to the intersection of their world lines with the
upper sheet H ⫹ of the hyperboloid of the equation t 2 ⫺x 2
⫺y 2 ⫽1, where we have considered the light velocity c to be
equal to 1.
In the simultaneity space for t⫽1 of the observer K B , the
rocketships are at points Q 1 , Q 2 , and Q 3 , which are the
vertices of a triangle 共Fig. 1兲. If O ⬘ is the position of the
rocketship base in this diagram, we have
兩 O ⬘ Q i 兩 ⫽tanh  i ⫽ v i ,

共1兲

where  i is the distance on the hyperboloid between O ⬘ and
P i for i⫽1,2,3, see Fig. 2. This distance on the hyperboloid
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is that induced by the Lorentz metric ds 2 ⫽dt 2 ⫺dx 2 ⫺dy 2
on the Minkowski space. In the pseudospherical coordinates
of the hyperboloid 共, 兲, the induced metric takes the form2
dl 2 ⫽d  2 ⫹sinh2  d  2 .
The intrinsic curvature of the hyperboloid provided with this
metric is a constant equal to ⫺1, and therefore the hyperboloid is a model of a bidimensional Lobachevskian space 共or
hyperbolic space兲 which is sometimes called the pseudosphere. Taking the previous considerations into account we
shall see at the end of this section that the upper sheet H ⫹ of
the hyperboloid represents the space of relativistic
velocities.3
Another representation of the relativistic velocities space
is the disk K determined by the intersection of the light cone
and the simultaneity plane t⫽1 共Fig. 1兲. This disk, with the
metric induced on it by the stereographic projection from O
of H ⫹ , constitutes another model of a bidimensional Lobachevskian space known as the Klein model. However, this
model is not conformal,4 that is, the angles do not have the
same meaning as in the Euclidean case. We can obtain a
conformal model on the disk P of the plane OXY centered in
O and of radius 1. For this, let us consider the stereographic
projection of H ⫹ , f , from the point S of coordinates 共0, 0,
⫺1兲 共the ‘‘south pole’’ of the pseudosphere兲, onto P 共Fig. 3兲.
The disk P with the metric induced through the map f by the
metric of the hyperboloid is a conformal bidimensional
model of a Lobachevskian space which is known as the
Poincaré disk.4–6
Therefore the Lobachevskian distance 兩 OR 兩 L from O to
f ( P)⫽R, in the disk P, is equal to the distance  in the
hyperboloid from O ⬘ to P. From Eq. 共1兲 we find that the
velocity v and the Lobachevskian distance on the disk P are
related by
v ⫽tanh兩 OR 兩 L .

共2兲

Note that for the Euclidean distance on the disk P we have
兩 OR 兩 E ⫽tanh

兩 OR 兩 L
.
2

So, we have the following relation between these two distances:
兩 OR 兩 L ⫽ln

1⫹ 兩 OR 兩 E
.
1⫺ 兩 OR 兩 E
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Fig. 1. Word lines of three rocketships moving away radially from a rocketship base, with uniform rectilinear velocities. P 1 , P 2 , and P 3 represent
the position of the rocketships on the hyperboloid corresponding to proper
time  ⫽1. Q 1 , Q 2 , and Q 3 represent the position of the rocketships on the
simultaneity space for t⫽1 of the rocketships’ base. The hyperboloid H ⫹
and the disk K are models of the Lobachevskian geometry, and they can be
interpreted as spaces of relativistic velocities.

From this formula, we deduce that when R approaches the
border of the disk, i.e., 兩 OR 兩 E →1, the corresponding Lobachevskian distance tends to infinity, i.e., 兩 OR 兩 L →⬁, and
the velocity approaches the velocity of light, i.e., v
⫽tanh 兩OR兩L→1.
The above distance on the disk P can be infinitesimally
expressed by the metric tensor2
ds 2 ⫽4

dr 2 ⫹r 2 d  2
共 1⫺r 2 兲 2

in terms of the polar coordinates 共r, 兲.
In accordance with the above construction, the Poincaré
disk P becomes the relativistic velocities space for the case
of a bidimensional space. More precisely, it is a representation of the relativistic velocities space associated with the
observer K B . Any other inertial observer K R is represented
by one point R of the disk, in such a way that tanh 兩OR兩L
corresponds to the module of the velocity of K R with respect

Fig. 2. Transverse section of Fig. 1 showing the Lobachevskian distance  i
from O ⬘ to P i ⫽(sinh i ,cosh i) and the velocity v i ⫽ 兩 O ⬘ Q i 兩 that is equal
to tanh i from triangle proportionality.
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Fig. 3. Stereographic projection from the south pole S of the hyperboloid
H ⫹ onto the Poincaré disk in the plane t⫽0. This disk is a conformal model
of the space of the relativistic velocities. The hyperbolic triangle P 1 P 2 P 3
projects into the hyperbolic triangle R 1 R 2 R 3 . The relative velocity between
two rocketships is the tanh of the connecting side’s length.

to K B , and the direction of OR to the direction of the velocity of K R with respect to K B . Observe that the whole class of
inertial observers which are at rest with respect to K R corresponds to the point R in the disk.
For any inertial observer we can obtain a representation in
the Poincaré disk of the relativistic velocities space in which
that observer is represented by the center. To pass from one
representation to another we only have to use the appropriate
Lorentz transformation. For example, the Lorentz transformation that takes K R into K B is an isometry in the hyperboloid that takes the point P⫽ f ⫺1 (R) into O ⬘ ⫽ f ⫺1 (O), and
this transformation induces an isometry on the disk P that
takes R into O.7,8
We can deduce from Eq. 共2兲 the formula for the relative
velocity v S兩 R of two inertial observers K R and K S in terms of
the distance between the corresponding points R, S in P:
v S兩 R⫽tanh兩 RS 兩 L .

共3兲

In fact, for this it suffices to consider an isometry of the
disk P that takes R into O, induced by a Lorentz transformation that takes K R into K B .
To compose relativistic velocities of three inertial observers K R , K S , and K T we proceed as follows. Since v S兩 R
⫽tanh 兩RS兩L and v T 兩 S⫽tanh兩ST 兩L , then we can obtain v T兩 R by
calculating in the hyperbolic triangle RST the length of the
side RT from the other sides’ lengths 兩 RS 兩 L ⫽tanh⫺1 vS兩 R ,
兩 ST 兩 L ⫽tanh⫺1 vT 兩 S , and the angle between the velocities
vS兩 R and vT 兩 S . For this calculation we use the hyperbolic
law of cosines.9
In particular, if vS兩 R and vT 兩 S are collinear 共i.e., 兩 RT 兩 L
⫽ 兩 RS 兩 L ⫹ 兩 ST 兩 L 兲, the formula for the tanh of the sum of the
distances 兩 RS 兩 L and 兩 ST 兩 L :
C. Criado and N. Alamo
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If we denote by r 1 , r 2 , and r 3 the lengths of the triangle
sides opposite to the vertices R 1 , R 2 , and R 3 , we obtain,
according to Eq. 共3兲,
v R2 兩 R1 ⫽tanh r 3 ,

v R3 兩 R2 ⫽tanh r 1 ,

v R1 兩 R3 ⫽tanh r 2 ,

and
v R i 兩 O ⫽ v i ⫽tanh兩 OR i 兩 L ,

i⫽1,2,3.

It is well known12 that in a Lobachevski space with curvature K⫽⫺1 the area A T of a triangle of vertices R 1 , R 2 ,
and R 3 coincides with the angular defect:
A T ⫽  ⫺ 共 ⬔R 1 ⫹⬔R 2 ⫹⬔R 3 兲 .
Fig. 4. Geodesics in the Poincaré disk.

tanh兩 RT 兩 L ⫽

tanh兩 RS 兩 L ⫹tanh 兩 ST 兩 L
,
1⫹tanh兩 RS 兩 L tanh兩 ST 兩 L

leads to the usual formula:
v T兩R⫽

v S兩R⫹ v T兩S
.
1⫹ v S 兩 R v T 兩 S

This shows that the Poincaré disk 共and therefore the hyperboloid H ⫹ , the Klein disk, or any other isometric space兲
is a representation of the relativistic velocities space.10
III. THE AREA OF A HYPERBOLIC TRIANGLE AND
RELATIVISTIC VELOCITIES
The geodesics in the hyperboloid H ⫹ are obtained11 as
intersections with the hyperboloid of planes passing through
the origin O. Therefore, the geodesics in the Poincaré disk
are obtained from these by the stereographic projection described above 共see Fig. 3兲. These correspond to disk diameters and to circle arcs which orthogonally cut the border of
the disk,11 see Fig. 4.
In the hypothesis at the beginning of Sec. II, let us consider the stereographic projection of the hyperbolic triangle
with vertices P 1 , P 2 , and P 3 in the hyperboloid H ⫹ , which
will correspond to a hyperbolic triangle in the Poincaré disk
with vertices R 1 , R 2 , and R 3 , see Figs. 3 and 5.

Fig. 5. The hyperbolic triangle R 1 R 2 R 3 corresponding to the rocketships’
frames K R1 , K R2 , and K R3 in the Poincaré disk. The angle ␣ ⫽⬔R 1
⫽⬔R 2 ⫽⬔R 3 can be given in terms of the velocity v ⫽tanh兩ORi兩L by solving the right-angle triangle ODR 1 .
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共4兲

In particular, this expression shows that the triangle area A T
is bounded by .
We are now going to show the link between the bounds on
relativistic velocities and areas of hyperbolic triangles. In
order to simplify the proof, we choose the hyperbolic triangle with vertices R 1 , R 2 , and R 3 to be equilateral, which
corresponds to a symmetrical situation of the rocketships
with respect to the observer K B , that is:
v 1⫽ v 2⫽ v 3⫽ v ,

⬔R 1 ⫽⬔R 2 ⫽⬔R 3 ⫽ ␣ .

In this case Eq. 共4兲 yields
A T ⫽  ⫺3 ␣ .

共5兲

Now, by using formulas of hyperbolic trigonometry, it is
easy to solve the above triangle.
In fact, consider the right-angle triangle ODR 1 , where D
corresponds to the base of the perpendicular straight line
from O to R 1 R 2 , see Fig. 5. Then we have

␤ ⫽⬔O⫽


,
3

⬔D⫽


,
2

兩 OR 1 兩 L ⫽d⫽tanh⫺1 v .

So, if we use the formula13
cot ␤ cot

␣
⫽cosh d,
2

together with the fact that
1
cosh d⫽

⫽

1

冑1⫺tanh2 d 冑1⫺ v 2

,

Fig. 6. The triangle area A T as function of the velocity v .
C. Criado and N. Alamo

308

and then
tan

冑1⫺ v 2
␣
uY
⫽
,
⫽
2 ⫺u X
)

which is, as expected, the same formula 关see Eq. 共6兲兴 that we
had obtained by mean of hyperbolic trigonometry.
IV. FINAL REMARKS

Fig. 7. In the limit triangle R 1 R 2 R 3 as v tends to infinity, the angle ␣ is 0
and A T is .

we obtain
cot

␣
2

⫽

)

冑1⫺ v 2

共6兲

.

By substituting ␣ in Eq. 共5兲, we obtain the relation between A T and v :
A T ⫽  ⫺6 arctan

冑1⫺ v 2
)

共7兲

.

Figure 6 gives a graphic representation of this function.
From Eq. 共7兲 it follows that A T →  whenever v →1, and
vice versa.
Notice that in the Poincaré disk we approach the limit
situation whenever the vertices R 1 , R 2 , and R 3 tend to the
boundary, so that the angle ␣ tends to zero and, according to
Eq. 共5兲, A T tends to  共see Fig. 7兲.
This shows that the existence of an upper bound for the
area of a triangle in Lobachevskian geometry is equivalent to
the existence of a limit for the relative velocity between inertial frames.
Finally, observe that Eq. 共6兲 can also be obtained from the
relativistic velocity addition formula. In fact, let us consider
first the case of the inertial frame K R1 in which R1 is at rest
and axis Y is parallel to the straight line joining R2 and R3 .
In this inertial frame, the angle ␣ between the velocities
vR 2 兩 R 1 and vR 3 兩 R 1 is given by
tan

␣
uY
⫽
,
2 ⫺u X

where (u X ,u Y ) are the components of the velocity u
⫽vR 2 兩 R 1 of R2 with respect to R1 .
On the other hand, in the inertial frame K B in which B is
at rest and the axes are parallel to the above, the velocity of
R2 with respect to B is given by

冉

冊

1 )
u⬘ ⫽ 共 u X⬘ ,u ⬘Y 兲 ⫽ ⫺ v ,
v .
2
2
Now, by using the relativistic velocity addition formula14
we obtain
共 u X⬘ ⫺ v ,u ⬘Y 冑1⫺ v 兲
2

u⫽
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1⫺u X⬘ v

共 ⫺3 v ,) v 冑1⫺ v 兲
,
2⫹ v 2
2

⫽
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The previous results suggest to us an experiment analogous to that made by Gauss in order to determine if spherical
geometry was preferable to Euclidean geometry for describing physical space.
Gauss15 measured the angle sum of a triangle formed by
the top of three hills, to verify if that sum was bigger than .
For the problem we are concerned with, we can consider
the triangle determined by three rocketships R1 , R2 , and
R3 moving as described after Eq. 共4兲 in Sec. III. These rocketships play the role of the three hills in Gauss’s experiment.
From each one of them we would measure the angle formed
by the light signals coming from the other two, which is
equal to the angle formed by the velocities with respect to
each rocketships of the other two.16
Therefore, we would verify that the sum of these angles is
less than  and tends to zero as the velocities of the rocketships 共with respect to the starting frame兲 tend to that of light.
However, we find a similar difficulty for this experiment
as Gauss found for his. It consists in that the angular defect
depends 关see Eq. 共5兲兴 on the area of the triangle in such a
way that for small triangles corresponding to small velocities, the area is small and the angle sum is approximately
180°, so that the geometry is indistinguishable from the Euclidean. For example, an angular defect of 1 ⬙ requires a velocity v of 579 km/s, as we deduce from Eq. 共7兲.
Another question that we would like to raise is the following. It is well known that there exist only three kinds of
geometries with constant curvature: the hyperbolic, with
negative curvature; the Euclidean, with null curvature; and
the spherical, with positive curvature. So far, the hyperbolic
and the Euclidean geometries have physical models, namely,
the space of relativistic velocities associated with the Lorentz
transformation group, and the space of Newtonian velocities
associated with the Galileo transformation group, respectively. So, the question is whether there exists a kinematics
associated with the spherical geometry. This kinematics
would not be incompatible with the principle of relativity. In
fact, accepting this principle together with Euclidicity and
isotropy, it is possible to prove17 that there can exist only
three possibilities, corresponding to the three geometries of
constant curvature. The problem remains of whether there is
a physical interpretation of the corresponding transformation
group.
Finally, let us observe that in order to simplify the presentation we have restricted ourselves to considering only two
spatial dimensions, but the same results hold for three spatial
dimensions by interpreting the space of relativistic velocities
as the three-dimensional Lobachevskian space.
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